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Suppose that X is a closed, symplectic four-manifold with an anti-symplectic involution σ
and its two-dimensional ﬁxed point set. We show that the quotient X/σ admits no almost
complex structure if b+2 (X) ≡ b1(X) + 3 mod 4.
As a partial converse if X is simply-connected and b+2 (X) ≡ 3 mod 4, then the X/σ admits
an almost complex structure.
Also we show that the quotient X/σ admits an almost complex structure if X is Kähler
and b+2 (X) ≡ b1(X) + 3 mod 4.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let (X,ω) be a closed, symplectic, four-manifold with a symplectic structure ω [10,12,20,21]. A smooth map σ : X → X
is an anti-symplectic involution for the symplectic structure ω if and only if σ ∗ω = −ω and σ 2 = Id. If X is a Kähler surface
and σ is anti-holomorphic, that is, σ∗ ◦ J = − J ◦ σ∗ for the complex structure J on X, we can ﬁnd a Kähler form ω on
X such that σ ∗ω = −ω. A typical example of an anti-holomorphic involution is a complex conjugation over a complex
algebraic surface.
S. Akbulut in [16] conjectured that if X is a simply-connected, closed, symplectic four-manifold and σ : X → X is an
anti-symplectic involution with a smooth, non-empty embedded surface as a ﬁxed point set, then the quotient X/σ is
completely decomposable, i.e.,
X/σ ∼= rCP2s(CP2) or n(S2 × S2), for some r, s,n ∈ N.
In [1], S. Akbulut showed that if X is a complex algebraic surface and σ is the complex conjugation with a real algebraic
surface as a ﬁxed point set, then X/σ is completely decomposable for many cases.
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as in the above Akbulut’s conjecture, it would be helpful to know if the quotient manifold X/σ has an almost complex
structure.
This paper is organized as follows. In Section 2, we discuss the topological results of an oriented, closed, smooth four-
manifold X and its quotient manifold X/σ where σ : X → X is an orientation-preserving smooth involution such that the
ﬁxed point set Xσ is a two-dimensional compact submanifold Xσ (but Xσ is not necessarily orientable or connected).
If the ﬁxed point set Xσ satisﬁes [Xσ ] = 0 ∈ H2(X;Z2), then we easily show that the quotient X/σ is not a spin
manifold whenever X is not spin.
If X is a simply-connected, closed, symplectic four-manifold with even b−2 (X), then we show that there is no anti-
symplectic involution σ on X with a ﬁxed point set Xσ =∐ni=1 Σi, a ﬁnite disjoint union of Riemann surfaces Σi , i =
1, . . . ,n. Thus, the above Akbulut’s conjecture can be considered only when b−2 (X) is odd.
As a corollary, we show if X is a Kähler surface with even b−2 (X) and σ is an anti-holomorphic involution on X, then
there is no anti-holomorphic involution σ : X → X with a ﬁxed point set, a ﬁnite disjoint union ∐ni=1 Σi of Riemann
surfaces Σi , i = 1, . . . ,n.
In Section 3, we consider the existence of the almost complex structure of the quotient manifold X/σ , where σ is an
anti-symplectic involution on a closed, symplectic four-manifold X . Suppose X is a closed, symplectic four-manifold and
σ : X → X is an anti-symplectic involution with a ﬁxed point set Xσ , a two-dimensional compact submanifold (but Xσ is
not necessarily orientable or connected). If b+2 (X) ≡ b1(X) + 3 mod 4, then we show that the quotient X/σ has no almost
complex structure.
As a partial converse, if X is a simply-connected, closed, symplectic four-manifold and σ : X → X is an anti-symplectic
involution with a ﬁxed point set Xσ , a two-dimensional compact submanifold (but Xσ is not necessarily orientable or
connected), then we show that if b+2 (X) ≡ 3 mod 4, or equivalently b+2 (X/σ ) ≡ 1 mod 2, then X/σ has an almost complex
structure.
In addition, we show that the quotient X/σ has an almost complex structure if X is a Kähler surface with b+2 (X) ≡
b1(X) + 3 mod 4 and σ : X → X is an anti-holomorphic involution with a ﬁxed point set Xσ , a two-dimensional compact
submanifold (but Xσ is not necessarily orientable or connected).
2. Anti-symplectic involution over a symplectic four-manifold
Let X be an oriented, closed, smooth four-manifold, and let σ : X → X be an orientation-preserving smooth involution
such that the ﬁxed point set is a two-dimensional compact submanifold denoted by Xσ (but Xσ is not necessarily orientable
or connected). Furthermore, let X/σ be the topological quotient space and π : X → X/σ be the quotient map [3,4,6].
Proposition 2.1. (S. Wang [22])
(1) There is a (unique) smooth manifold structure on X/σ such that the map π is smooth.
(2) In H2(X;Z2) we have the following formula for the second Whitney classes ω2(X) = π∗ω2(X/σ ) − PD([Xσ ]), where [Xσ ] ∈
H2(X;Z2) is the class represented by the ﬁxed point set, and PD : H2(X;Z2) → H2(X;Z2) is the Poincaré duality map.
(3) If X is simply-connected then X/σ is also simply-connected.
Lemma 2.2. (A.L. Edmond [8]) If a four-manifold X is simply-connected and spin, then for any orientation-preserving smooth involu-
tion σ on X, the ﬁxed point set Xσ is an orientable submanifold.
Example 2.1. From Lemma 2.2, a simply-connected, spin, closed, symplectic four-manifold X cannot have the ﬁxed point
set Xσ such that χ(Xσ ) is odd. Conversely, if we consider the non-spin 4-manifold CP2, then the quotient of CP2 under
the complex conjugation is S4 by [17] and its ﬁxed point set is RP2, which is non-orientable with its Euler characteristic
χ(RP2) = 1.
Corollary 2.3. Suppose X is an oriented, closed, smooth four-manifold and σ : X → X is an orientation-preserving smooth involution
such that the ﬁxed point set Xσ is a two-dimensional compact submanifold with [Xσ ] = 0 ∈ H2(X;Z2). If X is not a spin manifold,
then X/σ is not either.
Proof. Since [Xσ ] = 0 ∈ H2(X;Z2), we have ω2(X) ≡ π∗ω2(X/σ ) mod 2 by Proposition 2.1. X is not a spin manifold means
that ω2(X) ≡ 0 mod 2. Thus, ω2(X/σ ) ≡ 0 mod 2 and X/σ is not a spin manifold. 
Example 2.2. We consider a Silhol’s real manifold (X,ρ), which is constructed as follows: in CP2, take four real points xi ,
i = 1, . . . ,4, in general position and choose a conic C0 passing through all the xi , i = 1, . . . ,4.
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deﬁne a holomorphic involution
T : CP2 −
{
C0
4⋃
i=1
Di
}
−→ CP2 −
{
C0
4⋃
i=1
Di
}
in the following way: for any point u in the domain above, the ﬁve points u, xi , i = 1, . . . ,4, determine a unique conic Cu
that intersects the line Du = ub at u and another point, which is deﬁned to be T (u).
Since the complex conjugation c is an anti-holomorphic involution for the complex structure J on CP2, we have
(T ◦ c)∗ ◦ J = T∗ ◦ c∗ ◦ J = T∗ ◦ (− J ◦ c∗).
Since T is a holomorphic involution, T∗ ◦ J = J ◦ T∗ and then
(T ◦ c)∗ ◦ J = T∗ ◦ c∗ ◦ J = T∗ ◦ (− J ◦ c∗) = −T∗ ◦ J ◦ c∗ = − J ◦ (T∗ ◦ c∗) = − J ◦ (T ◦ c)∗.
Thus, composing T with the conjugation c, there is an anti-holomorphic involution ρ0 = T ◦ c on CP2 − {C0⋃4i=1 Di}
which extends to an anti-holomorphic involution ρ on the manifold obtained by blowing up CP2 at the ﬁve points b, x1,
x2, x3, x4.
Let X be the resulting manifold of type CP25CP2. Then, by [18] the ﬁxed point set Xρ of ρ is S2 	 S2. Since [Xρ ] =
2[S2] = 0 ∈ H2(X;Z2), we conclude that ω2(X) ≡ π∗ω2(T X/ρ) mod 2.
By Corollary 2.3, the quotient X/ρ is not a spin manifold. Indeed, the quotient X/ρ is diffeomorphic to 4CP2.
Lemma 2.4. Let (X,ω) be a closed, symplectic, four-manifold with a symplectic structure ω and σ : X → X be an anti-symplectic
involution for the symplectic structure ω with a ﬁxed point set, a two-dimensional compact submanifold Xσ (but Xσ is not necessarily
orientable or connected). Then, we have(
1− b1(X) + b+2 (X)
)= 2(1− b1(X/σ ) + b+2 (X/σ )),(
1− b1(X) + b−2 (X)
)= 2(1− b1(X/σ ) + b−2 (X/σ ))− χ(Xσ ),
where χ(Xσ ) is the Euler characteristic of Xσ .
Proof. For the Euler characteristics χ and the signatures τ of X and X/σ , we have χ(X) = 2χ(X/σ ) −χ(Xσ ) and τ (X) =
2τ (X/σ ) − Xσ · Xσ .
By deﬁnition, J is an ω-compatible almost complex structure if and only if ω(v, J v) > 0 for all v = 0 ∈ T X and
ω( J v, J w) = ω(v,w) for all v , w ∈ T X . It is well known that the set of all ω-compatible almost complex structures is
not empty and contractible. Then, there is an ω-compatible metric g such that g(v,w) = ω(v, J w), where ω is self-dual
with respect to g.
By [7] for an anti-symplectic involution σ , we have σ∗ ◦ J = − J ◦ σ∗ for an ω-compatible almost complex structure J
as long as σ is an isometry over X for the ω-compatible metric g . It is clear that σ is an isometry for the ω-compatible
metric g on X . Then, by using the same method in the proof of Lemma 2.1 in [22], we have χ(Σ) + Σ · Σ = 0 for any
connected, two-dimensional component Σ ⊂ Xσ (Σ is not necessarily orientable).
Thus, χ(Xσ ) + Xσ · Xσ = 0 and
χ(X) = 2− 2b1(X) + b+2 (X) + b−2 (X) = 2
(
2− 2b1(X/σ ) + b+2 (X/σ ) + b−2 (X/σ )
)− χ(Xσ ),
τ (X) = b+2 (X) − b−2 (X) = 2
(
b+2 (X/σ ) − b−2 (X/σ )
)− Xσ · Xσ .
Then, we have(
1− b1(X) + b+2 (X)
)= 2(1− b1(X/σ ) + b+2 (X/σ )),(
1− b1(X) + b−2 (X)
)= 2(1− b1(X/σ ) + b−2 (X/σ ))− χ(Xσ ),
where χ(Xσ ) is the Euler characteristic of Xσ . 
Corollary 2.5. Suppose X is a simply-connected, closed, symplectic four-manifold such that b−2 (X) is even. Then, there is no anti-
symplectic involution σ : X → X with a ﬁxed point set Xσ , a ﬁnite disjoint union∐ni=1 Σi of Riemann surfaces Σi , i = 1, . . . ,n.
Proof. Since X is simply-connected, X/σ is simply-connected by Proposition 2.1. Then,
b+2 (X) = 1+ 2b+2 (X/σ ),b−2 (X) = 1+ 2b−2 (X/σ ) −
n∑
i=1
χ(Σi) = 1+ 2b−2 (X/σ ) −
n∑
i=1
(
2− 2g(Σi)
)
,
where g(Σi) is the genus of the Riemann surface Σi , i = 1, . . . ,n.
Thus, b+2 (X) and b
−
2 (X) must be odd numbers. 
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(1) It is a well-known fact that b+2 (X) is odd for a closed, simply-connected, symplectic four-manifold X . Corollary 2.5
implies that Akbulut’s conjecture can be considered only when b−2 (X) is odd.
(2) In [5], Y.S. Cho and D. Joe showed a way of constructing anti-symplectic involutions on some symplectic four-manifolds
with a ﬁxed point set, a disjoint union of Riemann surfaces. In one example they constructed a lagrangian surface of
genus [ d−22 ] for the hyper surface of degree d in CP3. For more detail examples, see [5].
Corollary 2.6. Let X be a Kähler surface with even b−2 (X) and σ : X → X be an anti-holomorphic involution on X. Then, there is no
anti-holomorphic involution σ : X → X with a ﬁxed point set, a ﬁnite disjoint union∐ni=1 Σi of Riemann surfaces Σi , i = 1, . . . ,n.
Proof. By [22], for a Kähler surface X and an anti-holomorphic involution σ on X, we always have b1(X) = 2b1(X/σ ).
Thus, Lemma 2.4 implies that b+2 (X) = 2b+2 (X/σ ) + 1 and b−2 (X) = 1+ 2b−2 (X/σ ) − χ(Xσ ).
Since Xσ is a disjoint union of Riemann surfaces, χ(Xσ ) is even, so b−2 (X) must be odd. 
3. The almost complex structure of the quotient manifold X/σ under an anti-symplectic involution σ
One of the important results of modern topology is the classiﬁcation of compact, simply-connected, oriented, smooth
four-manifolds. The classiﬁcation is stated in terms of an intersection form μ on the middle-dimensional homology group.
This form is unimodular symmetric bilinear on H2(X;Z). We divide the simply-connected four-manifolds into two classes:
those of type I which are non-spin and have intersection forms of type I: μ = k〈1〉 ⊕ l〈−1〉 and those of type II which are
spin and have intersection forms of type II: μ =mH ⊕ n(−E8), where 〈1〉 and 〈−1〉 denote the two possible rank-1 forms,
and
H ≡
(
0 1
1 0
)
and E8 ≡
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
2 1 0 0 0 0 0 0
1 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 0 1 2 1 0 0 0
0 0 0 1 2 1 0 1
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 0
0 0 0 0 1 0 0 2
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where −E8 is obtained from E8 by reversing all signs on the diagonal.
According to Freedman [11], the homeomorphism classes of compact oriented, smooth, simply-connected four-manifolds
of type R correspond one-to-one with the equivalence classes of unimodular symmetric bilinear forms of type R, where
R = I, II.
Theorem 3.1. (V.A. Rochlin [19]) Let X be a compact simply-connected differentiable four-manifold of type II. Then, the signature of X
is divisible by 16.
Thus, when X is a compact, simply-connected, differentiable four-manifold of type II, m 1 and n is even.
Theorem 3.2. (S. Donaldson [9]) Let X be a compact simply-connected smooth four-manifold whose intersection form μ is positive
deﬁnite. Then, μ is equivalent to k〈1〉, k 1.
More generally, according to the classiﬁcation of Hasse and Minkowski, any odd indeﬁnite form is equivalent over the
integers to one of the k〈1〉 ⊕ l〈−1〉 for some k, l  1 and any even indeﬁnite form to one of the mH ⊕ n(−E8) for some
m  1. For the classiﬁcation of the intersection forms on closed, oriented, smooth four-manifolds, we have the following
theorem.
Theorem 3.3. (J.H. Kim [15]) Let X be a smooth, closed, oriented four-manifold with intersection matrix μ. Then, μ satisﬁes the
following two possibilities:
(1) If μ is odd, then μ = k〈1〉 ⊕ l〈−1〉 with k, l 0.
(2) If μ is even, then μ =mH ⊕ n(−E8) with m |n|.
By using the above results, we will consider the existence of the almost complex structure of the quotient manifold.
The following theorem provides a necessary and suﬃcient condition for the existence of an almost-complex structure on a
smooth four-manifold X .
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on X, we have c2(X) = χ(X) ∈ H4(X;Z) and c1(X) ≡ ω2(T X)mod 2, and c21(X) = 2χ(X)+3τ (X). Conversely, if for h ∈ H2(X;Z)
the equation h2 = 2χ(X) + 3τ (X) and the congruence h ≡ ω2(T X) mod 2 hold, then there is an almost complex structure J on T X
with h = c1(X).
Remark.
(1) Lemma 2.4 implies that for a simply-connected, closed, symplectic four-manifold X , b+2 (X) = 2b+2 (X/σ )+1 and b−2 (X) =
2b−2 (X/σ ) + 1− χ(Xσ ). Thus, we have b+2 (X) 1 and b−2 (X) 1− χ(Xσ ).
(2) It is well known that a closed, symplectic four-manifold X has an almost complex structure and 1− b1(X) + b+2 (X) ≡ 0
mod 2. For more details, see [13].
Proposition 3.5. Suppose X is a closed, symplectic four-manifold and σ : X → X is an anti-symplectic involution with a ﬁxed point
set Xσ , a two-dimensional compact submanifold (but Xσ is not necessarily orientable or connected). If b+2 (X) ≡ b1(X) + 3 mod 4,
then the quotient X/σ does not admit any almost complex structure.
Proof. Suppose that X/σ has an almost complex structure. Then, by Theorem 3.4, c1(X/σ ) ≡ ω2(T X/σ ) mod 2 and
c21(X/σ ) = 2χ(X/σ ) + 3τ (X/σ ). Since c1(X/σ ) is characteristic, c1(X/σ )2 ≡ τ (X/σ ) mod 8 by Lemma 1.2.20 in [13].
Since 2χ(X/σ ) + 3τ (X/σ ) = 4(1 − b1(X/σ ) + b+2 (X/σ )) + τ (X/σ ), we have (1 − b1(X/σ ) + b+2 (X/σ )) ≡ 0 mod 2, or
equivalently (1− b1(X) + b+2 (X)) ≡ 0 mod 4. It is a contradiction. 
Proposition 3.5 makes us interested in the question that if b+2 (X/σ ) ≡ b1(X/σ ) + 1 mod 2, or equivalently b+2 (X) ≡
b1(X) + 3 mod 4, then the quotient X/σ has an almost complex structure.
Proposition 3.6. Suppose X is a simply-connected, closed, symplectic four-manifold and σ : X → X is an anti-symplectic involution
with a ﬁxed point set Xσ , a two-dimensional compact submanifold (but Xσ is not necessarily orientable or connected). If b+2 (X) ≡ 3
mod 4, then X/σ has an almost complex structure.
Proof. Since X is simply-connected, the quotient X/σ is simply-connected by Proposition 2.1.
Since b+2 (X) = 1 + 2b+2 (X/σ ), the assumption b+2 (X) ≡ 3 mod 4 implies that b+2 (X/σ ) 1 is odd and the intersection
form μ of X/σ is not negative deﬁnite. Let b+2 (X/σ ) = k = 2m + 1, m 0.
If b+2 (X) > 1 and b
−
2 (X) = 1 − χ(Xσ ), then the intersection form μ of X/σ is positive deﬁnite and μ = k〈1〉, k > 0 by
Theorem 3.2.
Consider a class h =∑ki=1 aiαi ∈ H2(X/σ ;Z) for ai ∈ Z, i = 1, . . . ,k, where αi is a basis of H2(X/σ ;Z) with α2i = 1 for
all i = 1, . . . ,k.
Since X/σ is non-spin, ai should be an odd number for all i = 1, . . . ,k.
Now we will check if there are odd numbers ai ∈ Z, i = 1, . . . ,k, satisfying h2 =∑ki=1 a2i = (2χ + 3τ )(X/σ ) = 4+ 5k.
By taking ai such that a2γ+1 = ±3, γ = 0, . . . ,m, and a2(γ+1) = ±1, γ = 0, . . . ,m − 1, we have h2 = ∑ki=1 a2i =
m + 9(m + 1) = 4+ 5(2m + 1) = (2χ + 3τ )(X/σ ).
Thus, h ≡ ω2(T X/σ ) mod 2 and h2 = (2χ + 3τ )(X/σ ). By Theorem 3.4, there is an almost complex structure on X/σ
with h = c1(X/σ ).
If b+2 (X) > 1 and b
−
2 (X) > 1− χ(Xσ ), then the intersection form μ of X/σ is indeﬁnite.
If X/σ is non-spin, then μ = k〈1〉 ⊕ l〈−1〉 by [11], where b+2 (X/σ ) = k = 2m + 1, m 0, and b−2 (X/σ ) = l 1.
Consider a class h =∑ki=1 aiαi +∑lj=1 b jβ j ∈ H2(X/σ ;Z), where αi and β j are basis of H2(X/σ ;Z) such that α2i =
−β2j = 1 and αi · β j = 0, for all i and j, and αi · α j = βi · β j = 0 for all i = j. Then, h2 =
∑k
i=1 a2i −
∑l
j=1 b2j .
For the Euler characteristic and signature of X/σ , we have χ(X/σ ) = 2 + k + l and τ (X/σ ) = k − l. Thus,
(2χ + 3τ )(X/σ ) = 4+ 5k − l.
By choosing ai and b j such that a2γ+1 = ±3, γ = 0, . . . ,m, and a2(γ+1) = ±1, γ = 0, . . . ,m−1, and b j = ±1, j = 1, . . . , l,
we conclude that h ≡ ω2(T X/σ ) mod 2 and h2 = 4+ 5k − l = (2χ + 3τ )(X/σ ).
If X/σ is a spin manifold, then the intersection form μ of X/σ is μ = kH ⊕ l(−E8), where k  1 are odd and l  0
is even. Then, b+2 (X/σ ) = k and b−2 (X/σ ) = k + 8l. Thus, the Euler characteristic and the signature of X/σ are χ(X/σ ) =
2+ 2k + 8l and τ (X/σ ) = −8l and so (2χ + 3τ )(X/σ ) = 4+ 4k − 8l.
Let h =∑ki=1(aiαi + biβi) +∑8lj=1 c jγ j ∈ H2(X/σ ;Z), where αi , βi and γ j are bases of H2(X/σ ;Z) such that
αi · α j = βi · β j = 0 for all i, j,
αi · βi = βi · αi = 1 for all i,
αi · β j = β j · αi = 0 for all i = j,
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γp · γp+1 = γp+1 · γp = 1, p = 8r + 1, . . . ,8r + 6, r = 0, . . . , l − 1,
γ8r+5 · γ8r+8 = γ8r+8 · γ8r+5 = 1, r = 0, . . . , l − 1,
γp · γq = 0, for any other p,q,
αi · γp = β j · γp = 0 for all i, j, and p.
Then, we have
h2 = 2
[
k∑
i=1
aibi −
l∑
j=1
(
8∑
m=1
c28( j−1)+m
)
+
l∑
j=1
(
5∑
m=1
c8( j−1)+mc8( j−1)+m+1 + c8( j−1)+5c8( j−1)+8
)]
.
Choose the coeﬃcients ai , bi, and c j such as
a1 = · · · = ak−1 = b1 = · · · = bk−1 = 0,
ak = ±2, bk = ±(1+ k),
c8( j−1)+m = ±2, m = 1, . . . ,4,
c8( j−1)+m = 0, m = 5, . . . ,8,
where double signs are in same order.
Thus, h ≡ ω2(T X/σ ) mod 2 and h2 = 4 + 4k − 8l = (2χ + 3τ )(X/σ ). According to Theorem 3.4, there is an almost
complex structure on X/σ with h = c1(X/σ ). 
From now on, let X be a Kähler surface and σ : X → X be an anti-holomorphic involution for the complex structure J
on X with a ﬁxed point set Xσ , a two-dimensional compact submanifold (but Xσ is not necessarily orientable or con-
nected). Then by [22], we always have b1(X) = 2b1(X/σ ) and b+2 (X) = 2b+2 (X/σ ) + 1.
Then, for the Kähler surface (X, σ ), we have b+2 (X) = 2b+2 (X/σ ) + 1 and b−2 (X) = 2b−2 (X/σ ) + 1 − χ(Xσ ). Thus,
b+2 (X) 1 and b
−
2 (X) 1− χ(Xσ ).
Proposition 3.7. Suppose X is a Kähler surface with b+2 (X) ≡ b1(X) + 3 mod 4 and σ is an anti-holomorphic involution on X for
the complex structure J on X with a ﬁxed point set, a two-dimensional compact submanifold (but Xσ is not necessarily orientable or
connected). Then, the quotient X/σ has an almost complex structure.
Proof. If b+2 (X) > 1 and b
−
2 (X) = 1 − χ(Xσ ), then the quotient X/σ has a positive deﬁnite intersection form. By Theorem
3.2, the intersection form μ of X/σ is μ = k〈1〉, k > 0.
Consider a class h =∑ki=1 aiαi ∈ H2(X/σ ;Z), where αi is a basis of H2(X/σ ;Z) with α2i = 1 for all i = 1, . . . ,k.
The assumption (1 − b1(X) + b+2 (X)) ≡ 0 mod 4 means that (1 − b1(X/σ ) + k) ≡ 0 mod 2. Let 1 − b1(X/σ ) + k = 2m,
m ∈ Z.
Now we will check if there are odd numbers ai ∈ Z, i = 1, . . . ,k, satisfying h2 =∑ki=1 a2i = 4− 4b1(X/σ ) + 5k.
Since h2 =∑ki=1 a2i  k, ai should be chosen satisfying 4(1 − b1(X/σ ) + k) = 4(2m) 0. Thus, we can easily show that
m 0 and km.
Let ai = 2hi + 1, hi  0, i = 1, . . . ,k. Since h2 =∑ki=1 a2i =∑ki=1(2hi + 1)2 and (2χ + 3τ )(X/σ ) = 4 − 4b1(X/σ ) + 5k =
8m + k, by taking h1 = · · · = hm = 1 and hm+1 = · · · = hk = 0, we can show that h ≡ ω2(T X/σ ) mod 2 and h2 =
(2χ + 3τ )(X/σ ). Thus, according to Theorem 3.4, there is an almost complex structure on X/σ with h = c1(X/σ ).
If b+2 (X) > 1 and b
−
2 (X) > 1 − χ(Xσ ), then X/σ has an indeﬁnite intersection form. If X/σ is non-spin, then the
intersection form of X/σ is
μ ∼= k〈1〉 ⊕ l〈−1〉,
where b+2 (X/σ ) = k = 2m + 1, m 0, and b−2 (X/σ ) = l 1.
Consider a class h =∑ki=1 aiαi +∑lj=1 b jβ j, where αi and β j are basis of H2(X/σ ;Z) such that
α2i = −β2j = 1 for all i, j,
αi · α j = βi · β j = 0 for all i = j,
αi · β j = 0, for all i and j.
Then, h2 =∑ki=1 a2 −∑lj=1 b2 and (2χ + 3τ )(X/σ ) = 4− 4b1(X/σ ) + 5k − l.i j
Y.S. Cho, Y.H. Hong / Topology and its Applications 157 (2010) 385–392 391By taking ai and b j such that a1 = · · · = ak−1 = b1 = · · · = bl−1 = ±1 and ak = 2 − b1(X/σ ) + k, bl = b1(X/σ ) − k, we
conclude that h ≡ ω2(T X/σ ) mod 2 and h2 = (2χ + 3τ )(X/σ ).
If X/σ is a spin manifold, then the intersection form μ of X/σ is μ = kH ⊕ l(−E8), where k  1 are odd and l  0.
Then, b+2 (X/σ ) = k and b−2 (X/σ ) = k + 8l. Thus, (2χ + 3τ )(X/σ ) = 4− 4b1(X/σ ) + 4k − 8l.
Consider a class
h =
k∑
i=1
(aiαi + biβi) +
8l∑
j=1
c jγ j ∈ H2(X/σ ;Z),
where αi , βi and γ j are bases of H2(X/σ ;Z) such that
αi · α j = βi · β j = 0 for all i, j,
αi · βi = βi · αi = 1 for all i,
αi · β j = β j · αi = 0 for all i = j,
γp · γp = −2, p = 1, . . . ,8l,
γp · γp+1 = γp+1 · γp = 1, p = 1, . . . ,8r + 6, r = 0, . . . , l − 1,
γ8r+5 · γ8r+8 = γ8r+8 · γ8r+5 = 1, r = 0, . . . , l − 1,
γp · γq = 0, for any other p,q,
αi · γp = β j · γp = 0 for all i, j, and p.
Then, we have
h2 = 2
[
k∑
i=1
aibi −
l∑
j=1
(
8∑
m=1
c28( j−1)+m
)
+
l∑
j=1
(
5∑
m=1
c8( j−1)+mc8( j−1)+m+1 + c8( j−1)+5c8( j−1)+8
)]
.
Choose the coeﬃcients of h such as
a1 = · · · = ak−1 = b1 = · · · = bk−1 = 0,
ak = ±2, bk = ±
(
1− b1(X/σ ) + k
)
,
c8( j−1)+m = ±2, m = 1, . . . ,4,
c8( j−1)+m = 0, m = 5, . . . ,8,
where the signs of ak and bk are in same order.
Then, h2 = (2χ + 3τ )(X/σ ) and h ≡ ω2(T X/σ ) mod 2, and there is an almost complex structure on X/σ with h =
c1(X/σ ).
If b+2 (X) = 1 and b−2 (X) > 1 − χ(Xσ ), then X/σ has a negative deﬁnite intersection form and the intersection form μ
of X/σ is μ = l〈−1〉, l > 0. Then, we can take a class h =∑kj=1 b jβ j ∈ H2(X/σ ;Z) such that β j is a basis of H2(X/σ ;Z)
with β2j = −1 for all j = 1, . . . , l. Since X/σ is non-spin, b j should be odd for all i = 1, . . . , l.
Since 1−b1(X/σ )+b+2 (X/σ ) = 1−b1(X/σ ) ≡ 0 mod 2, we conclude that b1(X/σ ) is odd. Let b1(X/σ ) = 2m+1, m 0.
By choosing b1 = · · · = bl−m = ±1 and bl−(m−1) = bl−(m−2) = · · · = bl = ±3, we have h2 = −∑lj=1 b2j = −8m − l =
(2χ + 3τ )(X/σ ) = 4 − 4b1(X/σ ) − l, m  0. Thus, h ≡ ω2(T X/σ ) mod 2 and h2 = (2χ + 3τ )(X/σ ). According to Theo-
rem 3.4, there is an almost complex structure on X/σ with h = c1(X/σ ). 
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